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“action at a distance” is a weird concept in quantum theory which people always avoid mentioning
in most occasions. In this work, without involving any concept about “action at a distance”, we
naturally construct a physical structure that resembles quantum entanglement only based on the
nonlocality of the wave function. To achieve this, we propose a nonlocal structure of the single
particle wave function by means of a double-well potential model. In order to better describe
this nonlocal system, we have also developed two kinds of representations: local representation
and nonlocal representation. Based on this nonlocal structure, we obtain a generalized exclusion
principle in the case of antisymmetric nonlocal wave function of the multiparticle, with which we
construct the entangled physical structure as mentioned before. In addition, we invent a diagram
method to describe this entanglement structure and obtained some general conclusions.
PACS numbers: 03.65.Ta, 03.65.Ud
I. INTRODUCTION
From EPR paradox[1], nonlocality in quantum ma-
chanics has been widely discussed. In most previous re-
lated studies, nonlocality usually refers to the inability to
construct a local hidden variable theory reproducing the
same prediction as quantum theory[2, 3]. However, the
root cause of this inability is that the wave function sepa-
rated over large distance can collapse instantaneously as
soon as the measurement is implemented. In other words,
the wave function itself is nonlocal whether it is of single
particle or multiparticle[4–7]. Moreover, previous opin-
ion insists that the entangled particles are saparated in
different places with some “spooky action at a distance”
maintaining their entanglement[8, 9]. This is weird—not
only about the “action at a distance”, but, if their whole
wave function is inseparable, why they are saparated in
different places? In fact, there is an increasing number
of questions about the rationality of the “action at a
distance”[10, 11], and more discussion about the nonlo-
cality and contextuality are taken in recent decades[12–
15].
In our work, we hold that the nonlocality of the wave
function allows each of these particles to locate in dif-
ferent places at the same time. Our main purpose is
to construct a entangled theoretical structure only based
on such a premise. First, through the discussion of the
double-well potential, the intrinsic nonlocality of the sin-
gle particle wave function is proposed. That is, the
single particle wave function can be simultaneously de-
fined at different locations which are far apart from each
other. The property is also established in the multiparti-
cle cases. And as we all know, the Pauli exclusion princi-
ple is a fundamental principle in quantum theory, which
can be easily derived from the antisymmetry of the iden-
tical particles’ wave function[16, 17]. This principle will
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be generalized if such an “intrinsic nonlocality” of the
identical particles is taken into account. Based on this, a
physical structure similar to the entangled state can be
constructed without involving any concept related to the
“action at a distance”.
II. THE INTRINSIC NONLOCALITY OF
SINGLE PARTICLE WAVE FUNCTION
Let us look at a very simple physical model: double-
well potential. The single particle wave function ψ (x)
can be easily obtained by solving Schro¨dinger equation.
As Fig. 1 shows, ψ (x) is symmetrically distributed on
both sides and its behavior is described by sine function
in two wells (a < |x| < b) and by hyperbolic sine function
between two wells (|x| < a)[18].
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FIG. 1. Double-well potential model: The dashed part of
ψ (x) decays rapidly when a increases. And the red part
means the odd parity solution of this potential which differs
with the other solution only by a minus sign (or pi phase) in
Bob’s well, in the contex of a→∞.
Although there may exists the probability of detect-
ing this particle in |x| < a, the probability, however, is
mostly distributed in or near the two wells. And as a in-
creases, |ψ (x)| will rapidly decay in the middle area. In
fact, when a→∞, the normalization coefficient will tend
to be propotional to e−ka (k > 0), which is exactly the
decay rate of |ψ (x)| in the middle area. At this point we
encountered a weird situation as Einstein said “spooky
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2actions at a distance”: when a increases into a large num-
ber, the particles can almost only be found in or near the
area of two potential wells which can be at any distance
from each other. Based on this fact, we have reason to
claim that the single particle wave function can be si-
multaneously defined at different locations which are far
apart from each other. We call this as the intrinsic non-
locality of single particle’s wave function. Furthermore,
as a→∞, the nonlocal wave function’s segment in each
well tends to be propotional to the local wave function of
single well (or semi-infinite well here exactly). Regard-
less of the phase freedom, they only differ by a 1√
2
scaling
factor.
Now consider Alice and Bob each possess a potential
well—Alice has the left one while Bob has the right one.
Due to symmetry, the probability of finding the particle
in their respective wells is 12 . Nobody knows which poten-
tial well the particle will appear in before any measure-
ments are taken. However, once Alice has detected the
particle, she can conclude that Bob will not detect the
particle because the wave function has passed through
the spacelike distance and collapsed into Alice’s well,
which also means Alice’s behavior has influenced Bob’s
measurement results instantaneously.
This conclusion can be extended to n-well model. A
single particle’s wave function can be evenly separated
into n areas which are far apart from each other. The
probability of detecting particle in or near each area is 1n .
And more generally, this property is actually established
in any kind of potential with n centers (n-center model).
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FIG. 2. 4-well model: wave function segment in each well has
a phase freedom.
Moreover, as the red part of Fig. 1 shows, the odd
parity solution should not be ignored. When a is not
very large, the even parity solution and the odd parity
solution have different energy levels, which both change
with a. But as soon as a increases, these two sets of
energy levels tend to be steady and merge together. In
another word, two solutions will share the same energy
levels as a→∞. If we abandon mathematical rigor and
think abous this fact in physical intuition, we can say
the two solutions is a pair of degenerate states in the
contex of a → ∞ which means these two kinds of wave
functions only have symbolic (or phase) difference in half
axis. Since we only care about these areas in or near
the two wells, this difference can be regarded as a phase
freedom of the wave function segment in each well.
As for n-well model or, more generally, n-center model,
although the Schro¨dinger equation of it will encounter
very complex boundary conditions, we have reason to
believe that the nature of wave functions in double-well
is still established here. On the one hand, the wave func-
tions are evenly distributed in these potential wells; On
the other hand, the nonlocal wave function’s segment in
each well can be regard as 1√
n
scaling down of the lo-
cal wave function in such a single well excluding a phase
factor as Fig. 2 shows.
III. LOCAL REPRESENTATION AND
NONLOCAL REPRESENTATION
Until now, the physical model is clear, but there does
not seem to be a corresponding mathematical expres-
sion. In order to describe the above physical model con-
veniently, we introduce two representation ways: local
representation and nonlocal representation. And for con-
venience, all contents discussed below are in the context
of a → ∞, i.e., these potential wells are far apart from
each other.
For n-well model, we mark the areas of each well by
1, 2 · · · , n, the corresponding center coordinate of each
well is ~xi. For any i 6= j, |~xi − ~xj | → ∞. The local
wave function of well i is |ψi〉, which means the particle
described by |ψi〉 can only be found near ~xi. This repre-
sentation is called as “the local representation” which is
also the most common Dirac ket representation we widely
used. However, “Local” does not mean that the wave
function becomes localized. If we narrow our perspective
inside the single potential well, the wave function is still
nonlocal, but this time we are only concerned with the
relationship between these potential wells which are far
apart from each other instead of the details inside every
single well, which, exactly can be equivalently regarded
as an ideal model that is similar to a particle in dynamics.
Now, we mark n-well’s nonlocal wave function as |ψ′〉.
From the conclusion of section II and section III we know
|ψ′〉 is nonlocal between these n potential wells, and the
segment of |ψ′〉 in each well differs from the corresponding
single well wave function |ψi〉 only by a 1√n factor and a
phase factor eiθi :
Segment in well i =
eiθi√
n
|ψi〉
Since these potential wells are far apart, the value of |ψi〉
at well j tends to be zero for any i 6= j, which makes |ψ′〉
can be expressed by the sum of its all segments.
|ψ′〉 =
∑
i
eiθi√
n
|ψi〉 (1)
We call |ψ′〉 as the nonlocal representation. The parti-
cle described by |ψ′〉 can possibly emerge in every wells
which is the reason for being called “nonlocal”.
3This is exactly the same concept as the “representa-
tion” in Herbert space of quantum mechanics[19]. Eq.
(1) just represents the basis expansion, therefore the
ready conclusions of the n-dimensional Hilbert space can
be applied here. Firstly, |ψi〉 is a set of basis vectors
which satisfies orthogonality:
〈ψi|ψj〉 = δij1
As Eq. (1) shows, all nonlocal wave function can be
represented with these local bases’ linear combination,
and the phase freedom allows many possibilities of such
combination. Hence we get another set of basis vectors:
∣∣ψ′j〉 = ∑
i
eiθij√
n
|ψi〉 (2)
where j = 1, 2, · · · , n, and the subscript of |ψ′〉 is no
longer used to mark the potential well. Let Cij =
eiθij√
n
which is the elements of matrix C, Eq. (2) can be rewrit-
ten in matrix form:
~ψ′ = C ~ψ (3)
where ~ψ = (|ψ1〉 , |ψ2〉 , · · · , |ψn〉)T is a column vector.
In order to guarantee the orthogonality of ~ψ′, C must
be a unitary matrix, namely C†C = 1. Moreover, this
Hilbert space is actually a degenerate space of a specific
energy level, and each energy level has its corrosponding
degenerate space and nonlocal basis vectors.
Now that we have developed mathematical tools to
represent nonlocal wave functions, until now, however,
we have been talking about single particle. It is time to
consider some multiparticle cases. In the following sec-
tions, we will see that the quantum entangled structure
can be naturally constructed as long as we accept the
nonlocality of the single particle wave function proposed
in Section II.
IV. THE GENERALIZED EXCLUSION
PRINCIPLE
Now consider two particles in a double-well. When a
is not large, the wave functions of the two particles must
be evenly distributed in the two potential wells simul-
taneously. When a increases, even tends to be infinite,
there is no reason for this two particles’ separating from
each other and each occupying a potential well. This is
naturally reminiscent of the nonlocal property, so can we
use the nonlocal representation to represent two parti-
cles’ wave functions?
FIG. 3. The Ψ′ (q1, q2) is only distributed in the domains of
|q1 − q2| → ∞, while it is canceled in the domains of q1 ≈ q2,
which also means the two particles can’t be found in the same
potential well. This can be seen as a generalized exclusion
principle, the two identical particles’ mutual exclusion only
happens in certain domains.
The direct product of the two nonlocal wave functions
|ψ′1〉 |ψ′2〉 is the simplest representation. Since the funda-
mental structure of matter is fermions, we will naturally
consider the antisymmetric nonlocal wave function of two
particles. Although Pauli exclusion principle forbids two
identical fermions from being in the same quantum state,
but they can be in different degenerate states and the
nonlocal bases is just a set of degenerate states. Now
suppose we have the following nonlocal basis vectors:{
|ψ′1〉 = 1√2 (|ψ1〉 − |ψ2〉)
|ψ′2〉 = 1√2 (|ψ1〉+ |ψ2〉)
(4)
Their antisymmetry is:
|Ψ′〉 = 1√
2
∣∣∣∣(11
)(|ψ′1〉 |ψ′2〉)∣∣∣∣
=
1√
2
(|ψ′1〉 |ψ′2〉 − |ψ′2〉 |ψ′1〉)
(5)
Plug Eq. (4) in Eq. (5), we found the terms of |ψ1〉 |ψ1〉
and |ψ2〉 |ψ2〉 are canceled, hence:
|Ψ′〉 = 1√
2
(|ψ1〉 |ψ2〉 − |ψ2〉 |ψ1〉) ≡ |Ψ〉 (6)
where |Ψ〉 is the antisymmetry of local basis vectors. As
we have agreed in Section III that the subscripts of the
local basis vectors represent the potential well where they
are located. The vanishing of |ψ1〉 |ψ1〉 and |ψ2〉 |ψ2〉
means these two states are forbidden here. In other
words, two identical particles described by |Ψ′〉 cannot
appear in the same potential well after measurement.
The measurement result must be one in well 1 and the
other in well 2. We label two particles with q1, q2, the
state vector Eq. (6) can be rewritten in wave function
form:
Ψ′ (q1, q2) = Ψ (q1, q2) =
1√
2
∣∣∣∣ψ1 (q1) ψ2 (q1)ψ1 (q2) ψ2 (q2)
∣∣∣∣
4This can be seen as a generalized exclusion principle as
Fig. 3 shows. In addition, as an entirety, the two iden-
tical particles must collapse simultaneously. That is, if
Alice finds a particle in well 1, she can conclude that Bob
has also found another particle in well 2.
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FIG. 4. Two particles in 2-well model: Alice takes measure-
ment in well 1 while Bob takes measurement in well 2. Blue
balls represent the particle of ground state while red balls rep-
resent the one of excited state. For the generalized exclusion
principle, the two particles cannot appear into the same well.
There are two possible measurement results: (i). Alice in well
1 gets the ground state|0〉 while Bob in well 2 gets the excited
state|1〉. (ii). Alice in well 1 gets the excited state|1〉 while
Bob in well 2 gets the ground state|0〉. The probability of
each event is 1
2
.
Now consider a more interesting situation: One of the
particles is excited to other energy levels. We use φ
to represent the wave function of this energy level. Al-
though we don’t know exactly which particle was excited
for the identicality, we can assume for convenience that
the particle labeled with q2 is excited, and any conclu-
sions is the same with the identical substitution. In this
way, is the above nature still established? The answer is
positive. Let the wave function under this circumstance
be |Ω′〉. In Eq. (5), we just substitute the state vector to
the right of the direct product (or the q2’s direct product
space) with |φ′i〉, we can see:
|Ω′〉 = 1√
2
(|ψ′1〉 |φ′2〉 − |ψ′2〉 |φ′1〉)
=
1√
2
(|ψ1〉 |φ2〉 − |ψ2〉 |φ1〉)
Similarly, the terms of |ψ1〉 |φ1〉 and |ψ2〉 |φ2〉 are can-
celed, which, as before, means that two particles can-
not appear in the same potential well after measurement.
The wave function at this time can be expressed as:
Ω′ (q1, q2) =
1√
2
∣∣∣∣ψ1 (q1) ψ2 (q1)φ1 (q2) φ2 (q2)
∣∣∣∣
Therefore, the measurement of Ω′ (q1, q2) can only get
two results: (i). The particle of φ appears in well 1 while
the particle of ψ appears in well 2 ; (ii). the particle of φ
appears in well 2 while the particle of ψ appears in well
1.
As shown in Fig. 4. If |ψ〉 is taken as |0〉 and |φ〉
is taken as |1〉, then the measurement property of |Ω′〉
becomes very similar to the two qubits’ entangled state
1√
2
(|01〉+ |10〉). In this theoretical structure, some con-
cepts are different with the previous consensus. Before
the measurement, none of Alice and Bob can even pos-
sess a integral particle. They are actually faced up with
the two wave function’s segments of each particle. But
after the measurement they can only get one particle,
and which one (0 or 1) to get is random.
V. GENERALIZATIONS
With the help of nonlocal representation, the conclu-
sions above can be easily generalized to n particles in
n-well model. Consider about the transposed form of
Eq. (3):
(|ψ′1〉 , |ψ′2〉 , · · · , |ψ′n〉) = (|ψ1〉 , |ψ2〉 , · · · , |ψn〉)CT
Where C†C = 1. With this Eq. (5) is generalized as
follows:
∣∣∣Ψ′(n)〉 = 1√
n!
∣∣∣∣∣∣∣∣∣

1
1
...
1
(|ψ1〉 |ψ2〉 · · · |ψn〉)CT
∣∣∣∣∣∣∣∣∣
Utilizing the nature of the determinant |AB| = |A| |B|
and
∣∣CT ∣∣ = |C|, we have:∣∣∣Ψ′(n)〉 = ∣∣∣Ψ(n)〉 |C|
where
∣∣Ψ(n)〉 is the antisymmetry of the local basis vec-
tors. As we already have CC† = 1 which derives
|C| = eiΘ. This term only contributes an overall phase
factor and can be ignored here. Thus we still have∣∣Ψ′(n)〉 = ∣∣Ψ(n)〉 which means the generalized exclusion
principle is still established here. The measurement re-
sult of this system is that each potential well can only get
one of these identical particles. Similarly, by exciting one
of the particles to other levels, we can get some kind of en-
tangled structures. And as Section V does, although we
don’t know which particle was excited, symmetry allows
us to pick one of them arbitrarily which, mathematically,
is to change one of the unit operators of
(
1 1 · · · 1)T
into another operator Oˆ, which makes:
∣∣∣Ω′(n)〉 = |C|√
n!
∣∣∣∣∣∣∣∣∣

Oˆ
1
...
1
(|ψ1〉 |ψ2〉 · · · |ψn〉)
∣∣∣∣∣∣∣∣∣
≡ eiΘ
∣∣∣Ω(n)〉
(7)
5Now we suppose that |ψ〉 corresponds to |0〉 and Oˆ rep-
resents a NOT gate[20]. Under the circumstances we get
a n-particle state whose behavior is very similar to the
W state for n qubits[21, 22].
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FIG. 5. Three particles in 3-well model: The particle q1 was
excited to |1〉. After Alice took measurement in well 1, sup-
posing q3 appeared in well 1 which means Alice has got |0〉.
Then Bob in well 2 and Cindy in well 3 will be faced up with
a two particle entangled state as Fig. 4 shows.
Let us take n = 3 for example. It’s nonlocl wave func-
tion is: ∣∣∣Ω′(3)〉 = 1√
6
∣∣∣∣∣∣
|11〉 |12〉 |13〉
|01〉 |02〉 |03〉
|01〉 |02〉 |03〉
∣∣∣∣∣∣
As before, the subscript here is used to mark different
potential wells. Using algebraic cofactor to calculate the
determinant will make our understanding of this state
more clear and organized. As Fig. 5 shows, Alice in well 1
got |01〉 whose algebraic cofactor is (|12〉 |03〉 − |13〉 |02〉),
which is the very state faced by Bob in well 2 and Cindy
in well 3 and it’s exactly the state of Fig. 4. If Alice
got |11〉, then Bob in well 2 and Cindy in well 3 would
be facing (|02〉 |03〉 − |03〉 |02〉), which can be regarded as
an entangled structure at the same energy level. Since
|02〉 |03〉 and |03〉 |02〉 cannot be distinguished after mea-
surement, their measurement result is the same as |00〉.
In summary, the behavior of
∣∣Ω′(3)〉 andW state are alike.
If viewed in the sense of measurement, they can actually
represent the same type of entangled state.
Now if we excite more particles to |1〉 in general cases,
a variety of entangled structure will be constructed. In
the next Section we will briefly discuss the relationship
of these entangled states.
VI. ENTANGLEMENT DIAGRAMS AND
PASCAL’S TRIANGLE
At this point, the core object of our research is a matrix
determinant like Eq. (7). For the general case, we can
also use some diagrams to illustrate their measurement
properties visually as Fig. 3 and Fig. 4 did. The nonlocal
wave function of each particle in n-well corresponds to
a complete graph of n vertices. Each vertex represents
the wave function segment in each potential well. When
measurement is taken in one of these wells, there must
be a particle collapse into this well, and the remaining
particles are no longer likely to appear in this well. Such
measurement makes all of the remaining particles become
complete graphs of n−1 vertices, and the n−1 vertices are
located respectively in the remaining n−1 potential wells.
Judging from the determinant, the state of the remaining
n − 1 particles is exactly the algebraic cofactor of the
already measured state. The case of n and n − 1 also
constitute a recurrence relation which has the following
Pascal triangle structure:
|0〉 |1〉
|00〉 B |11〉
|000〉 W (3)+ W (3)− |111〉
|0000〉 W (4)+ Z W (4)− |1111〉
. .
. ...
. . .
FIG. 6. Pascal’s triangle of the entangled structure: Exclud-
ing the normalization coefficients, B means one of the Bell
states: |10〉+ |01〉; W (n)+ means the W state for n qubits with
only one |1〉 and W (n)+ means that with only one |0〉.
In Fig. 6, n gradually increases from the top down;
and from left to right, the number of excited particles
(or the number of |1〉) is gradually increased. Each of
these states can be represented by the two states on its
shoulder:
|Each state〉 = |1〉 |Left shoulder〉+ |0〉 |Right shoulder〉
When n = 4, there will be a rarely-discussed four-bit
entangled state in addition to the W states. We call it
the Z state:
|Z〉 = 1√
6
(
|1〉W (3)+ + |0〉W (3)−
)
=
1√
6
(|1100〉+ |1010〉+ |1001〉
+ |0011〉+ |0101〉+ |0110〉)
After measuring any one of the four qubits, the remaining
three qubits are bound to be in the W state. Someone
has already studied this state before, and concluded that
it is the maximally entangled state of four qubits[23, 24].
As the Pascal triangle is written down along with n,
more and more entangled states will appear, which has a
very good guiding significance for the study of this entan-
glement structure. However, some readers may wonder
why the quantum state like |00〉 + |11〉 is not inside. If
we carefully review our construction process, we will find
that all these states are constructed in the degenerate
space. |01〉 and |10〉 are a couple of degenerate states,
while |00〉 and |11〉 are not.
VII. CONCLUSION AND EXPECTATION
Until now, our wording is very conservative, and we
have always regarded this work as a mathematical con-
struct without any ambitious attempt to overturn previ-
6ous concepts. But if we look at this mathematical pro-
cess from the perspective of physics, can we question the
rationality of the previous description of quantum entan-
glement that the two entangled particles each occupy two
places that are far apart and then get entangled by some
kind of “action at a distance”? Or is quantum entangle-
ment merely a manifestation of the nonlocality of identi-
cal particles’ wave function? Of course, this work alone
cannot answer these questions. We need more theoreti-
cal research, such as discussing the entanglement degree,
the entropy, and Bell inequalities under this structure;
In experiment, ion traps may also helpful to bulid this
entangled structure in lab[25]. In any case, we hope that
our work will open up another perspective on quantum
entanglement which is more natural than the “action at
a distance” of the previous views.
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